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GENERALIZED 2D LAGUERRE POLYNOMIALS AND THEIR 
QUATERNIONIC EXTENSIONS 

NASSER SAAD\ K. THIRULOGASANTHAR^ 


Abstract. The analogous quaternionic polynomials of a class of bivariate orthogonal 
polynomials (arXiv: 1502.07256, 2014) introduced. The ladder operators for these 
quaternionic polynomials also studied. For the quaternionic case, the ladder operators 
are realized as differential operators in terms of the so-called Cullen derivatives. Some 
physically interesting summation and integral formulas are proved, and their physical 
relevance is also briefly discussed. 


1. Introduction 

Interesting mathematical properties of the 2D Hermite polynomials [T] were explored in 
mm- These polynomials successfully applied to several physical problems, for exam¬ 
ple, quantization mum, probability distributions [1], pseudo-bosons [1], and modular 
structures [7]. 

A quaternionic extension of 2D Hermite polynomials was introduced in [8] and used to 
obtain coherent states and associated quaternionic regular and anti-regular subspaces in 

i. 

In [3], the authors developed a general scheme to obtain 2D polynomials using ID or¬ 
thogonal polynomials. As an application of their scheme, they obtained the 2D analogue 
of Laguerre and Zernike polynomials. Also, many interesting and useful properties of 
these polynomials were thoroughly studied and reviewed. 

In the present work, we develop the quaternionic analogue of the general construction 
given in [3], and hence we obtain a quaternionic analogue of the 2D Laguerre polynomi¬ 
als. In this respect, we review some details on quaternions and the Cullen derivatives 
as needed in the next section. In Section 3, we extend the general construction given in 
[3] to quaternions and study some of their properties such as the orthogonality relation. 
In Section 4, we study the ladder operators of the complex and quaternionic Laguerre 
polynomials. Sections 5 and 6 deals with some summation and integral formulas, re¬ 
spectively. In section 7, we briefly point out possible physical applications of the ladder 
operators, summation formulas and integral formulas developed in sections 4, 5 and 6 
along the lines of the references dElElEKIoKII]. 
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2. Quaternions: a brief introduction 
Let H denote the field of quaternions with elements of the form 

q = xo + xii + X 2 j + X 3 A: 

where xq,xi,X 2 and X 3 are real numbers, and i,j,k are imaginary units such that 
= — 1 , ij = —ji = k, jk = —kj = i and ki = —ik = j. 
The quaternionic conjugate of q is defined to be 

q = xo — xiz — X2j — x^k. 


It is convenient to use the representation of quaternions by 2 x 2 complex matrices: 

(2.1) q = xocro + zx • CT, 

with xo G M, X = (xi,X 2 ,X 3 ) G ao = I 2 ) the 2 x 2 identity matrix, and a = 

(fji, — 1 T 2 , 1 T 3 ), where the ai, i = 1,2,3 are the usual Pauli matrices. The quaternionic 
imaginary units are identified as, i = y/—lai, j = —y/^^a 2 , k = Thus, 

( 2 . 2 ) q = f + X 2 + zxi \ q = q^ (matrix adjoint). 

Introducing the polar coordinates: 


xq = r cos 9, xi = r sin 6 sin (p cos ijj, X 2 = r sin 9 sin cp sin ip, X 3 = r sin 9 cos p, 
where r G [0,oo), 9,p £ [ 0 , 7 r], and p G [0,27r), we may write 
(2.3) q = 

where 


(2.4) 


A{r) = ruo and cr{n) = 


cos ( 


sin( 


e sin 6 — cos ( 


It is not difficult to show that the matrices A{r) and cr{n) satisfy the conditions: 

(2.5) A{r) = A{r)\ = gq, a{n)^ = —a{n), [A{r),a{ri)] = 0. 

Note 

qq^^=q"^q=l, pq = q p, |q|^ := qq = = (xq + x? + X2 + x|)l2 

where |qp defines a real norm on H and for all p, q G LI. It is also well-known (see, e.g., 
[S]) that any q G LI can be also written in the 2x2 matrix representation as 


( 2 . 6 ) 

where 


q = Uc^Zul^, 


J4>/2 

0 


,-i-ip/2 


cos((/)/ 2 ) ism{p/2) 
ism{p/2) cos((/)/ 2 ) 


J.tp/2 Q 

0 e-b /2 ) e SU{2), 


and Z = 


z 0 \ 

Q _ j , 2; G C. Let (Lj{uq) be the normalized Haar measure on the compact 
special unitary group SU{2). 
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Definition 2.1. (Cullen derivative |12lll3j l Let be a domain in H, and let / : fl 
be a left regular function. The Cullen derivative dcf of / is defined as 


H 


dJiq) = < 


9//(q) := 2 


1 / dfi{x + ly) .dfi{x + ly) 


dx 

df, s 


-I- 


dy 


if 


y / 0 


if q = X is real 

Similarly, for a right regular function / its Cullen derivative is defined as 


9c/(q) = < 


9//(q) := 


1 / dfi{x + ly) dfi{x + ly) 


dx 

dx 


dy 


if 


y/0 


(x) 


if q = X is real 


Under the above definition the Cullen derivative of a regular function is regular and with 
an & H we have, for example, for a right regular power series, 


9q ( X] = X] ^ 


(2.7) 

\n=0 / n=0 

with the same radius of convergence as of the original series. 

3. Generalized 2D polynomials 

Given 77 G N U {oo}, let u{9, N) be a probability measure on the circle T = {e*® | 0 < 
0 < 27r} of Fourier type 

(3.1) [ e^^^-^^^du{e,N) = Smn; m,n = 0,1,...,N. 

Jt 

Let {(j)n{i", ce)} be a system of orthogonal polynomials satisfying the orthogonality relation 

coo 

(3.2) / (j)m{r,a)(j)n{r,a)r‘^dy{r) = Cnia)dmn', a>0, 

Jo 

where /i is assumed to be independent of the parameter a. Let 

n 

(3.3) 4>n{r,a) = Cj{n, a)r"'~^■, Cj{n,a) G M 

j=o 

and define 

. . , z'['-^(l)n{ziZ 2 -,m-n + (3)-, m>n 

( Jn,m\Z2, Z\, p) TTl <i Tl 

Clearly, equation (j3.4p defines (m+n)-degree polynomials for all m, n. Also, it is straight¬ 
forward to verify that 


(3.5) fm,n{z,Z-,l3) = fn,m{z,Z-,P)-, V m < U. 

Theorem 3.1. [3] Given G N, for non-negative integers m, n, s, t such that m 1 < 
N, n s < N, the polynomials {fm,n{z,'z', 13)} satisfy the orthogonality relation 

(3.6) / fm,n{z,Z-,l3)fs,t{z,Z-,l3)dv{e,N)dlJL{r‘^,l3) = C,m^n{\m - n\ + I3)5msdnt, 

where m An = min{m,n} and dy{r,j3) = r^dy{r). If N = oo, equation 13. (j\) holds for 
all non-negative integers m,n,s,t. 
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Remark 3.2. Note for N = oo the circle measure di'{6,N) is dv{0) = d9/{2'K). 
From Theorem o is obvious that for 

fm,n{z, Z\ f3) 


(3.7) 

the family 


fm,n{z, Z, P) 


^/CmAn{\m -n\+/3)’ 


O = 


|/m,n(^,2;/3) I m,n e n| 


is an orthonormal family in the Hilbert space Lp‘{C,dv{9) dii{r‘^, fd)). Consider the sets 


^hol — ^ fm,0 — 


A/Co{m + (d) 


and 


^a—hol N fo,n 


VCoin+J) 


m e N 


n e N > , 


then the spaces S^hoi = Span Ohoi and S)a-hoi = Span Oa-hoi are the corresponding holo- 
morphic and anti-holomorphic Bargmann spaces of L‘^{C,dn{6) dp{r'^,/3)), respectively. 

4. Quaternionic extension 

From the matrix representation (12.61) . we have, for q G 77 and m, n G N, that 


(4.1) 

Further since 

(4.2) 

we also have 

(4.3) 

From (13.3p 

(4.4) 


q™-" = Uc 


u{. 


qq = Uc^ 


(qq)” ^ = uq^ 


zz 0 
0 zz 




(zz) 


0 (zz)*^-^ 


(l)n{zz]a) = '^Cj(n,a)(zz)"‘ \ 
j=0 

thns for Cj{n,a) G M and the fact that the real numbers commute with quaternions 


(4.5) ^C'j(n,Q;)(qq) 

j =0 

that is 

(4.6) 




= Uc, 


Yl]=oCjin,a)izz)^ ^ 


u' 


i(qq,a) = uq 


cl)n{zz,a) 0 


0 (t)n{zz,a) 


From (14.ip and (14.6p we have then 
(4.7) 

/ ^(j)^(^zz,m — n + fd) 

R I 0 


q"" "'(/)n(qq, m - n + /3) = u, 


0 


^ '^(l)n{zz,m — n d-(d) 


u\. 










2D POLYNOMIALS 


5 


Definition 4.1. the following defined polynomials for all m,n 

m _ n +/3); m>n, 

(4.8) /m,n(q,q;/3) = 

Equivalently, 


Ur 


(4.9) /m,n(q,q;/3) = < 


Clearly, 

(4.10) 


/n,m(q, q; /3); 


m < n 


0 


0 fm,n {z, Z, /3) 

/n,m(q, q;^); 


Xq; m > n, 


m < n. 


/m,n(q, q; /3) = /n,m(q, q; /3); m<n. 

From ()4.8p . it is clear that for m>n 

(4.11) q/m,n(q,q;/3 +1) = /m+i,n(q,q;/3). 

Theorem 4.2. The polynomials satisfy the orthogonality relation 

[ /m,n(q, q; /3)/s,t(q, q; (3)di'{d)dn{r‘^,p)duj{uq) 

Jc 

(4.12) = CmAni\ui n.| + I3)5msdnt^2- 

Proof. Without loss of generality we can assume m > n. Otherwise we simply apply 
(|4.10p to switch the order of m and n, and s and t then consider the quaternion conjugate 
of the obtained integral. Now, since the measure is real and real numbers commute with 
quaternions, we have 


ISU{2) Jc 


[ [ /m,n(q,q;/3)/s,t(q,q;/3)dp(6')d//(r^/3)da;(uq) 

Jsu{ 2 ) Jc 

-L 


ISU{2) 


0 


fc z; I3)fs,t{z, z; I3)du{9)dn{r'^,p) _ 

0 /c fm,n{^^ P)fs,t{z, Z] l3)du{e)dp.{r‘^,/3) 


L 


X ul^du}{u(f) 


Ur 


SU{2) 


CmAnilui n\ J-f3)6msdnt 0 , 0 , 'i 

0 CmAni\m -n\+ P)6msdnt J 


— CmAn(|^ ^1 “1“ 


□ 


5. The polynomials Zm^n{z,z) 

The 2-D polynomials Zm}n{z,z) = z'^~'^Ln^'^~'^\z'z) arise through the choice 4>n{x, ot) = 
L^n^^\x), where T“(x) is a Laguerre polynomial 


\n—k 


IL / w 

ii-l(!■) = (o + 1)„ ^ fc!(„ - k)]{a + l)„_t ■ 


explicitly reads 


(5.1) 


zih) 


E 

k=0 


k=0 


(-1)"' (/3 + l)m ^m-k-n-k 


k\{n - k)\{l3 + l)m-k 


if m> n. 
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where for m < n, it is defined by 

(5-2) Z^l{z,z) = Z^^l{z,z). 

Note that for m > n, the polynomials Zm}n{z,z) can be expressed m in terms of the 
hypergeometric functions o-^i and iFi as 

zW _ (- 1 ) 


n! zz 


(5.3) 


(- 1 )' 


n\ 




For arbitrary m and n, both equations (15.11) and (15.2p can be combined in the following 
expression for Zm^n{z,z) 


( _ 1 \(m+n—|m—n|)/2 

zip) {. z) = ^ ^ ^ 

^ ((m + n-|m-n|)/ 2 )! 


(5.4) 


m + n —|m —n| m + n + |m —n| 1 

X 2 ft I-^- -f! - 5 


or in terms of the confluent hypergeometric function as 

(^_l)(m+n-\ra-n\)/2 / + n + \m - n\\ 

Zm,n{^^ - ((m + n- |m-n|)/ 2 )! V ^ 2 J 


(5.5) X 
Let 


(m+n—|m—n|)/2 

m -\- n — \m — n 


] P + \m — n\ + 1; zz 


= (^2 ^2, 

i2Tr vr vr 

and denotes the inner product defined on the Hilbert space L'^{C,di'{z,z)) by 

(5.6) {f\g) = [ f{z,z)g{z,z)du{z,z), 

Jc 

then for m > n, if we defined 

(5.7) ai = — + dz and 02 = 

z 

we have the adjoint relations 

(5.8) 

where their actions on the polynomials Zm}niz,z) are given by the following theorem. 
Theorem 5.1. For m> n, 


a\ = z — dz and at = — + dz — z. 

z 


aiZ*i}niz,z) 

= {l3 + m)z‘fl^^^{z,z\ 

<Az^l^{z,z) 

_ yiP) ■„') 

a2Z^}n{z,z) 

_ yid) ■„') 

<Az^U^,z) 

= {n + l)z\^]^^^{z,z). 


Proof. See the appendix. 


□ 














2D POLYNOMIALS 


7 


Further for m < n, denote 

(5.9) = ^ + dz and A 2 = —dz, 
the adjoint reads 

(5.10) J^^=^ — dz and .AI = 3 + (Oj — z, 

2 : 

and their actions are given by the following theorem. 

Theorem 5.2. For n > m, 

z) = {n + I3)zl%^^{z, z), 

~^2Zi%{z,z) = z!f^l_^{z,z), 

= ("^ + ^)- 

Proof. See the appendix. □ 


Let C{m,n, P) = V{j3 + m + 1)/n\. Then for m > n, according to Theorem (3.1) of 
[ 3 ], the polynomials Z^^n{^z^1.) j\/C{m, n, /3) are normalized polynomials in the Hilbert 
space L^(C, (ip(z, z)). 


Theorem 5.3. The set 


B = 


yiP) 


{z,z) 


m, n G N 


is an orthonormal basis for the Hilbert spaee L‘^{C,d^iz,z)). 


Proof. The proof follows similarly to the proof of the 2D Hermite polynomial case m 
(p. 403). □ 

Theorem 5.4. In the Hilbert space Lp‘{C,d^{z,'z)), for m>n, we have 

(5.11) [ 01 , 112 ] = 0 and [oj, a]] = 5^^; 7 ,j = l,2. 

Proof. It can easily be verified using the results of Theorem 15.11 □ 


5.1. The quaternion version. In general, different quaternions do not commute. How¬ 
ever, q and q commute and real numbers commute with quaternions. Therefore, for 
m, n G N, we can staraightforwardly write, 


<l(q,q) = 77^-^—^ 

’ ((m-|-n — |m — n|)/ 2 )! 


(5.12) 


X 2-fo I — 


m -|- n — m — n 


-/3- 


m -|- n -|- m — n 


1 

qq 


In particular for m > n, 

(5.13) Z,^],(q,q) = J (-/I - m)^ q”""” iFi (-n;/?-h m - n-M; qq) . 
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Using the recurrence relations of the confluent hypergeometric functions such def¬ 
inition (I5.13jl allow us to obtain several recurrence relations for Zm,n(c[, q), for example 
we give 

(5.14) 

(5-15) q) q q) 

(5.16) (/3-hm)Z^li_„(q,q) = (n-h l)zif!^_^i(q,q) qZ^^)„(q,q). 

(5.17) (/3 + m)qZ^li_„(q,q) = (/3 + m - n) Z^^)„(q, q) - qZ^_J,_l(q, q). 


Theorem 5.5. Form > n, the polynomials satisfy the differential recurrence 

relations 


(5-18) q(9q^^,L(q, q) = (m - n)Z^^)„(q, q) - qZ^J,_i(q, q), 

(5-19) q(9qZ^],(q, q) = mZ^^)„(q, q) -{(3 + m)zi2i ,,_i(q, q), 

(5.20) qaqZ^)„(q,q) = -qZifJ,_i(q,q), 

(5.21) qd^Z^l{(i,q) = n Z^l{q,q) - {f3 + m) zi^l^^^_ffq,q), 

(5.22) (q5q - q5q) Z^^)„(q, q) = (m - n)Z^l{q,q), 

(5.23) {nq^c^ - mqd^) Z^l{q,q) = {m - n){P + m)Z^l^^„_;^(q, q). 


Proof. Since 




k=0 


k\{n - k)\{/3 -h l)m-k 


(“!)"' ^(/3 + l)m ri-fc i (-I)"" ^(/3 “h l)m(“fe) 

Z^fc!(n-fe)!(/3 + l)™_.^ ‘I ^ — - ‘I ‘I 


k=0 


k=0 


k]{n - k)\{f3 -h l)m-k 


(m - nla“^ V ^(/3 + l)m m-k-n-k , -1 ^ (-1)^ yp + l)m m-k-n-k 


A;=0 


k\{n - k)\{l3 -h l)m-k 


k=0 


k\{n -k - l)!(/3 -h l)m-k 


[m — n)q ^ 


_1 - + ^m-k^n-k 




k=Q 


k\{n - k)\{j3 + l)m-k 
— ryih) 


q q - q 


■qE 

A :=0 


k\{n -k - l)!(/3 -|- l)m-k 


q q 


= (m-n)q ^Z^^(q,q)-q ^qZ^_ 2 q,q; 


which prove the equation ()5.18p . The proof of the other equations follows along similar 
lines. □ 


Let L^{H, w{x, y) dv{z, z)dui{uq)) is a left quaternionic Hilbert space with the left scalar 
product 

(5.24) {f\g) = [ f{q)g{af)dv{z,ydw{uy). 

Jh 

For m > n, using the Cullen derivative if we defined 

(5.25) bi = q“^/3 -I- clq and 62 = —<%; 
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we have the adjoint relations 

(5.26) 6| = q — 5q and + 5q — q. 

where their actions on the polynomials Zm,n(q, q) are given by the following theorem. 
Theorem 5.6. For m > n, 

(5.27) 6iZ^_)„(q,q) = (/3 + m)Z^li^„(q, q), 

(5-28) 6|Z^i(q,q) = q), 

(5-29) 62 ^^i(q,q) = ^^_Li(q>q), 

(5-30) 6^Z^i(q,q) = (n + 

Proof. Equation (I5.19P can be written as 

q9q^m,l(q,q) + P ^S(q> q) = iP + m) (^Z^l{q,-q) - ziJli_^_^(q,q)) 

= (/3 + m)qZifli_„(q,q) 

where we used (j5.15p . Thus, ((9q + q“^/3) Zm,L(q, q) = (/3 + m) n(q> q) shown 
in (I5.27p . Equation (15.291) follows immediately from p5.20p . On other hand, using (I5.16p . 
we have 

q^q^Sn(q> q) + /? ^S(q> q) = (^ +1) q^m,l+i(q> q) + qq^mi-i(q’q) 

that implies 

(q5q + /3 - qq) ^^i(q> q) = (i^ + 1) (q, q) 

which prove the equation p5.30p . Equation p5.28p follows using (I5.20p along with equation 

(ICTl . □ 


Also as in Theorem 15.41 we have 

[ 61 , 62 ] = 0 and [ 6 i, 6 j] = Sij; i,j = 1 , 2 . 


Remark 5.7. Let a, 6 £ if be constant quaternions and q £ if, and consider the function 
/(q^q) = aq 6 q. Then 


(aq 6 q|aq 6 q) = / aq 6 q aq 6 q ^ 1 /( 2 :, 2 ;)(iw(ttq) 


= a 


IH 

p poo p 27 T 

a|^| 6 p / / / \q\‘^\q\‘^w{z,z)di'{z,z)dui{ucf) 

Jsu{2) Jo Jo 


2 | t |2 poo p2'K 


i«n6i 


TT 


poo p 

/ / = 

Jo Jo ^ 


op| 6 p 


< 00 , 


and thereby /(q, q) £ Lp‘{H, diy{z, z)du;{uq)). It is clear that, due to the non-commutativity, 
/(q,q) cannot be written as a linear combination of q, q, qq, qq or any Znfm(q, q). 
Thereby, {zi%{q,q) \ m,n = 0, 1, 2,...} cannot be dense in L^(C, di'{z, z)duj{uq)). This 
example suggest that there cannot be a polynomial basis for any quaternionic space. 
In fact the quaternionic spaces are so bigger in comparison to their real or complex 
counterparts. 

























10 


NASSER SAADi, K. THIRULOGASANTHAR^ 


6. Some useful summation formulas 


Using the 2D complex Hermite polynomials several interesting mathematical and physi¬ 
cal phenomenas have been studied in the recent literature. As examples, we list: coherent 
state quantization miSlE], reproducing kernel Hilbert spaces [1], and pseudo-bosons g]. 
All these applications rely on the lowering and rasing operators of the polynomials, and 
some key summation and integral formulas associated with the 2D Hermite polynomi¬ 
als. In the same sprit we shall briefly investigate the same issues using the generalized 
Laguerre polynomials. In order to do so, we hrst study some summation formulas. 

Theorem 6.1. For /3 > 0 and m> n, we have 




Thus 



X iFi(— n; f5 + m — n + 1] zz)iFi{—n; fd + m — n + 1; zz). 
By shifting the indices with j = m — n, it follows 



X iFi{-n;/3 + j + 1] zz)iFi{-n-,/3 + j + l]zz). 

Using the polynomial series representation of iFi{—n] a] z) and by switching the sum¬ 


mation order we finally obtain (16.ip . 


□ 


Particularly, in [SIS] the authors have used the Hermite polynomials z) with r > s 

and considered Hs+n,s{z,'z) with r — s = n G N. In the same manner the following sum 
will be useful. 

Theorem 6.2. For /d > 0 we have 


(6.2: 



k+k‘ 


where C{s, n, jd) = r(/3 -|- s -|- n -|- l)/s!. 

Proof. It proof follows from Theorem 16.11 bv shifting m = s -|- n. 
In the next, we extend these results to the quaternions as follows. 


□ 
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Theorem 6.3. For (3 > 0 and m> n, we have 
(6.3) 




C{m, n, /3) 

where C{m,n,/3) = r(/3 + m + l)/n! = (/? + l)mX'{l3 + l)/n\. 

Proof. Since q, q commute and real numbers commute with quaternions, from the de¬ 
composition (12.61) and the series representation (15.131) of the polynomials Zm,n(q, q) we 
have 


q) = “q 


Z^l{z,z) 0 


0 zil{z,z) 


u^. 


Thus 


^ Zm,l(q, q)^m,l(q, q) _ 


( y^oo z!£f{z,z)Z^}n{z,z) 

Z-jm— 


C{m, n, /?) 


where (z, z) as in theorem EH 


V 


m=n C{m,n,P) 

0 


0 


.=\ yil^) / .y ., 7 '! 

E OO J-^771,71 {Z,Z) 

m=n C{m,n,/3) 


= UqE^^^Z, z)u\ = E^£\z, z)l 2 , 


□ 


Remark 6.4. Following the proof of Theorem 16.31 we can obtain Theorem 16.21 for the 
quaternionic polynomials q) as well. 

7. Some useful integral representations 

In this section we shall prove certain new integral formulas for the generalized complex 
polynomials and then indicate their extensions to their quaternionic counterpart. In fact, 
the types of these integrals play important role in quantization problems as discussed in 
next section. 

Theorem 7.1. For /3 > 0 and m > n we have 

j = (-irn-,9-rO.(-,9-Gr(m-n + /i + 2) 

Jr 2 ’ n!s! 

X F2{I3 + m-n + 2, —n, -s; /3-|-m-n-|-l,/3-|-m-n-|-l;l,l) 5m-n,t-s 
(7.1) =G/ 3 {m,n) (say) 

where du{z,'z) is given right by 


diz{z,z) = {zzfe-^^^^f^ = (x^ + y2)2/3e-(^^+y^) 

IZTT 


dxdy 


20 -P 


rdrdO 


TT 


TT 


Theorem 7.2. For /3 > 0 and m > n we have 

X F 2 {P + m — n + 2, -n,-s; ft + m - n + 1, (3 + m - n + 2-,l,l) 6m-n+i,t-s 
= Ep{m,n) (say) 


(7.2) 
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Theorem 7.3. For (3 > 0 and m > n we have 


n!s! 

X F2{/3 + m - n + 1, -n, -s; /3 + m - n + 1,/3 + m - n; 1,1) 6m-n-i,t-s 

(7.3) =F 0 {m,n) (say) 

Theorem 7.4. For /3 > 0 and m > n we have 

(7.4) 


G z)Z^^J{z, z)du{z, z) = 


7r{-f3 - m)n{-/3 - t)sT{m -n + (3 + 1) 


n\{m — n + P + l)r 
For the proofs of Theorems 17.11 - 171^ see the appendix. 

Theorem 7.5. For (3 > 0 and m > n we have 


dn,s^m,t- 


f H^Z^i{q^,^)Zm}n{<i,q)dv{z,z)duj{u^) = G/3{m,n)h. 


JH 

Proof. Following the proof of Theorem ()4.2p and the result of Theorem (l7.ip it can easily 
be seen. □ 


The proofs of quaternionic versions of Theorems (17.2p and p7.3l) take slightly different 
path. We present it in the next Theorem. In order to do so we take a particular 
normalized measure on SU{2) as follows: 


(7.5) dio{uq) = = — sin (fdcfdif-, O<0<7r, O<'0< 27r. 

dvr 

Theorem 7.6. For (3 > 0 and m > n we have 

(a) diy{z,z) duj{(j),'ip) = 

(b) j^qZ^^^{ci,q) Z^)n{q,,q) du{z,z) dujicf),^)) = 

Proof, (a) Since 



Zi^]niz,z)Z^}n{z,z) 


Z^^n{z,z)Z^^niz,z) 


U 


t 

q’ 


we have 


l^m,l(q)q)-2'm;n(q,q) = Uq 




{z,z)Z^]niz,z) 

0 


0 


zZii^n{z, z)Z^}n{z, z) 


u 


t 

q' 
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Therefore 


q)^m,n(q, q)di^{z, z)duj{(p, Ip) 

zZ!i}n{z,z)Z‘^}n{z,z)dl'{z,z) 


IH 

('277 p77 


l'Z77 r77 

/ / nq 

Jo Jo 


rru ( M ^^ n ) 0 

Jo Jo 0 Ffi{m,n) 


0 


0 


Sc ^^'>n,n{z, z) ZyyiYli^Z 1 z)dl'(^z, z) 




u^dcj((p, pj) 


277 r77 


pZ77 r 

Jo Jo 


Ej 3 {m, n) cos^((/>/2) + Fjs{m, n) sin^((/>/2) {Fp{m, n) — Ep(m, n))|e*’^ sincp 

{Ej 3 {m, n) — Fjs{m, n))|e“*’^ sincp Ep{m, n) s\v?{(p/2) + Ef^{m, n) cos^((/>/2) 
du]{(p, Ip) 

_ Eji{m,n) + Ep{m,n). 


Ei3(m,n)+Fi3(m,n) ^ 

2 ^ 

g Ep(m,n)+Fp{m,n) 


-12, 


where we have used the integrals 

r-27r 


pZ77 ('77 r77 

/ = 0 , / cos^( 0 / 2 ) sin(/)(ii;A = / sin^((/>/ 2 ) sin (/)d(/) = 1 . 

Jo Jo Jo 


Proof of (b) is similar to that of part (a), therefore omitted. 


□ 


8. Some possible physical applications 


In this section, based on the applications developed with 2D complex Hermite polynomi¬ 
als in laiSlEllTKII] and the applications developed with the corresponding quaternionic 
Hermite polynomials in [H [U [TO] , we shall indicate few possible applications of the results 
presented in the present. 


8.1. Reproducing Kernels. Let {X,t) be a measure space. Whenever we have an 
orthonormal family {$m(3;)}m=o with respect to the measure dr, satisfying 

OO 

(8.1) ^ |$m(x)|^ < oo; xeX, 

m=0 

we can readily form a reproducing kernel 

OO 

F{x,y) = ^ <^rnix)<^miy) 

m=0 


with the reproducing kernel Hilbert space S^k = span{<l>m(ic) | "i = 0,1, 2, • • • }, where 
the bar stands for the closure. In particular, the kernel K{x,x) is relavent for the 
construction of coherent states (CS) [TT1[T6]. Let 


3(^) ( 


d/3) 


Z,Z) = 


{z,z) 








(/3) 

s-\-n,n 


{z,z) 


VC{s,n,pi)' 


3^1 (q,q) = 


^m,n(q, q) 

y/C{m,n,P) 


The family of polynomials {3m,n(^;, orthonormal family and from Theorem 

(EH), the condition dEH) is satisfied by this family. Therefore, for each n = 0,1,2, • • • , 
we can obtain a reproducing kernel Kn{z,z) and the corresponding reproducing kernel 
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Hilbert space. In the same manner, using the orthonormal family {3i+n,s(-^)^)}n^o 
Theorem (16.21) we can also obtain a family of reproducing kernels and corresponding 
reproducing kernel Hilbert spaces. In fact, the analogous kernels and spaces correspond¬ 
ing to the 2D Hermite polynomials are the underlying structure of the analysis given 
in dllSlE]. Since the quaternionic counterpart {3m,n(q, q)}m=o orthonormal 

family, using the results of Theorem (16.3p . one can also obtain quaternionic reproducing 
kernels and reproducing kernel Hilbert spaces. Using the quaternionic Hermite polyno¬ 
mials introduced in [8] such an analysis is given in mm- In this case, using the same 
lines of arguments of Lemma (4.2) in [9], one can prove that iL^(q,q) = Kn{z,z)l 2 - 


8.2. Coherent states. Let {X,t) and {4>m(x)}“^Q be as in the previous subsection. 
Let {i/)m}m=o be an orthonormal basis for a separable complex Hilbert space iic- Then 
one can write down a class of CS of quantum optics 

OO 

(8.2) \x) = K{x,x)~^ 4>m(x)V^^ £ .^c- 

m=0 


By construction these states are normalized and satisfy a resolution of the identity rela¬ 
tion 


/ lx}(xlX(x,x)dT(x) = Isjc, 

JX 


where is the identity operator on ijc- Using the kernels obtained with {3m,n(-s, z)}'^^q 
we can readily obtain a class of CS: 


OO _ 

(8.3) \z,z,n,l3) = K^{z,z)~^ ^ 3m'!n{z,z)'lpm ei^c- 

m=0 


Similar classes of CS constructed with various polynomials have been the subject of 
various articles appeared in the recent literature. In m CS obtained with Gauss- 
hypergeometric functions have been used to study hyperbolic Landau levels. CS for 
Gordman-Krivchenkov Hamiltonian was built in |18] with Meixner-Pollaczek polynomi¬ 
als and in m a class of CS was obtained for Pseudo harmonic oscillator with circular 
Jacobi polynomials. CS can also be used to identify Bargmann type spaces [3]. In 
this respect, regular and anti-regular subspaces of quaternionic Hilbert spaces have been 
studied using classes of CS build with quaternionic Hermite polynomials in [9]. 


8.3. Quantization map. For the measure space {X, r) the resolution of the identity of 
the sect of CS (j8.2p allows us to implement CS quantization of the set of parameters X 
by associating a function X 3 x f{x), that satishes appropriate conditions, through 
the quantization map mum 

(8.4) f{x)>-3Af= f K{x,x)f{x)\x){x\dT{x). 

Jx 

In this respect, using the set of CS (18.3p one can quantize C through the quantization 
map 

(8.5) f{z,z)<-3Af= [ K^{z,z)f{z,z)\z,z,n,l3){z,z,n,l3\du{z,z). 

Jc 

Using the kernel Ks{z,'z) with /3 = 0, CS, and hence a quantization map the complex 
plane has been quantized in UU- In the same manner, using a set of CS obtained with 
2D-zernike polynomials the complex unit disc was quantized in m- A non-commutative 
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plane has been quantized with reproducing kernels, CS and a quantization map obtained 
with the Hermite polynomials Hn{z) [6]. The operators obtained with f{z,z) = z, 
f{z,z) = z and f{z,z) = |zp act as quantum annihilation, creation and energy operators 
respectively. In obtaining these operators, under the quantization map (18.51) . the integral 
representation presented in this note play the key role. For example, see [H [6l [11] for 
further details. The appearance of j3 in (18.51) may convey some additional features to 
the existing literature. Recently, similar to the complex case, using a quantization map 
obtained with the canonical quaternionic CS the quaternions has been quantized in m- 
In this respect, one may use the quantization map 

(8-6) /(q,q)eAA/= / iCf (q, q)|q, q,n,/3)/(q,q)(q, q,n,/3|(ip(q,q)(ia;(uq) 

Jc 

to quantize the quaternions, H. For the appearance of /(q, q) in the middle and further 
technicalities we refer the reader to m- 

8.4. Some other considerations. There is a natural way to associate probability dis¬ 
tributions to CS arising from reproducing kernels m- Using the CS obtained with 2D 
Hermite polynomials generalized Gamma and Poisson’s distributions were obtained in 
[Ij. In the same manner using the CS (|8.3I) . one may obtain more generalized probability 
distributions. Since the class of quaternionic CS also has a similar structure, we can also 
obtain similar distributions with quaternions as parameter space. Using the ladder oper¬ 
ators associated with 2D Hermite polynomials non-linear pseudo-bosons were studied in 
[Ij. A class of modular structures were also studied using the same ladder operators in 
[7]. With the ladder operators obtained in this note, similar features may be examined. 
Since none of these issues has been tried in terms of quaternionic CS yet, there may be 
of some interest in studying these structures in terms of quaternions. In our view, an 
essential platform for such an attempt is provided in this note. 


9. Appendix 

Using the equation (j4.5p . it is not difficult to show, for m > n, that 

( 9 . 1 ) 9^Z(Jliz,z) = -Zi^l_,iz,z) 

Indeed, a direct differention of (14.51) with respect to z yields 

c^Z^Uz,z) = _ ^ ^ ^ + 2; zz) 

’ (n — Ij! 

= —7^^^ (7 

Also, we have 

(9.2) {zd:, -zdz) Zi^l{z,z) = {m - n)Z^'^^{z,z) 
using the following argument 

/ I'jn 

dzZ^^^{z,z) = - - n)z^~"'~^ {-j3 - m)„iF’i(-n,/3 -b m-n + l\zz) 

’ n! 


(—1)” n{—j3 — m)r 


n! + m — n + 1 
^——-^Z^l,{z,z) - ^Z^^^_^{z,z), 


z^ n z ^ ^ _ n ^2;zz) 
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Lemma 9.1. For m>n, we have the following recurrence relation 

= (^ + P + m) Z^'j^{z,z) - {n + l)zilll^^^^-^{z,z) 
Proof. By the definition of the polynomials Zm}n{z,z), we have 




(-ir 


- 2 : 


m—n+1 


ni 


{—j3 — m — l)niFi{—n, /3 + m — n + 2; zz). 


Using the following recurrence relation 

1 + q; 1 + q; 

iFi(—n; 2 + ce; x) =-iFi(—n; 1 + a; x)-iFi(—n — 1; 1 + a; x) 

X X 


we obtain 

_ 


i-iy 


that implies 


n+1 


ni 


(-/3 -m-l)r 


P + m — n + 1 


zz 


iFi{—n, P + m — n + 1; zz) 


P + m — n + 1 


zz 


iFi{—n — 1, P + m — n + 1; zz) 


Z. 


W) 

m+l,n 


(,, 5 ) = i±4±llzOT (,, 5 ) _ 


By shifting the indices, Lemma l9.II can be written as 

'^Zml-iiz,z) = {P + m) zl^'l^^^_^{z,z) - nZ^\{z,z) 

Thus using (19.ip we have 

-zdzZ^liz,z) = {p + m) z) - nZ^l(z,z) 

and since 

= = (zz- n)Z^l{z,z) + (/3 + z) 

we obtain, for m > n, 

(9-3) {z - +) Z^l{z,z) = Z^l^^^{z,z). 

This prove the relation a| Zm}niz,z) = Z^]^^ n{z,'z) reported in Theorem 4.1. 
Lemma 9.2. For m> n 


(9.4) 


z d _ P + m — n 

~ i 


Z^}n{z, z) = {n + 1) i(z, z) 


m,n+l' 


Proof. Utilizing the recurrence relation 


iFi(—n; P + m — n + 2; zz) = ^ ^ ^ {—n, P + m — n + 1; zz) 


zz 

{P + m — n + 1) 


□ 


zz 


iTi(—n — 1,/1 + m — n + 1; zz) 
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it can write 


z) = (-/3 - m - l)n 


(/3 + m — n + 1) 1 

z (-/3 - m), 


Z^r^Uz,: 


+ 


{/3 + m — n + l) (n + 1) 


Z-i ^ I 1 ^ I 1 5 'i ') 




However using 


z) = „(z, z) - z), 

(dz-z) Z^Jl}^{z,z) = 


{z,z)-Z^iUz,z), 


we have 


thus 


y^f^) y) — 


(/3 + m - n) _ (^ + 1)^ yW 


^m,n+l 


{z,z) 


^^m+l,n(^>^) + (’^ + 1) = (/3 + m - u) z), 

+ (/3 + m-n)Z^],(z,z) = {n + 1) zZi^^^^^{z,z), 
{zdz -zz + l3 + m-n) Z^Uz, z) = {n + 1) zZ^J^'l,-^ {z, z). 


□ 


Lemma (|9.2I) allow us to write 

-^ + Z^liz,z) + Z^l{z,z) = (n + 

Hence, using the equation (19.2p . 

^ + Z^l{z,z) = -{n + l)z!^l^^^{z,z). 
that prove the relation «2 Zm^n{z, z) — {n + 1) Z^^J^_^_l{z, z) reported in theorem 4.1. 


Lemma 9.3. For m> n, 


z d f5 + m — n 
z dz z 


Proof. By definition, we have 


Z'i^niz, z) = {l3 + m)zl^}_^^^{z, z). 


7'if^) /'.V —1 _ ^ ^m—n—1 


Zrn\ni^^z:) = -—z”" ” ^ (-/3 - m + l)niFi(-n,/3 + m - n; zz) 


re! 


Using the recurrence relation 

iFi(—re, fi + m — n] zz) = ( 

+ 


—re 


(—re + zz) 

(re + /3 + m — n)zz 


iFi{—n + 1, /3 + m — re; zz) 


(/3 + rre — re)(—re + zz) 


33 -iFi(— re, /? + rre — re + 1; zz), 
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we obtain 

{n - zz - 13 - m - n + zz)zl^l^^^{z,z) = -zZ^l{z,z) - {n + l)Z^l^^{z,z). 
Thus finally 

(/3 + ,^( 2 , z) = zZ^l^{z,z) + (n + l)Z^^^^^{z,z) 

, z d ^ ^ P + m-n\ 


— 1 ^ H —— Z + 

Z OZ Z 


= (^) 
^zdz z I ’ 


-‘m,n V'^> ^1 


2 • 


□ 


Using equation ()9.2p . Lemmaimplies 
zd 13 {zdz — zdz) 


~TP - ^ 

Z OZ z z 


Z^}n{z, z) = {P + m)Z^l-^^^{z, z 


and thus 


dz + 0 Z^}n{z, z) = {l3 + z), 


which prove the relation ai Zm}n{z, z) = {(3 + m)Z!^^^ ^(z, z). We complete the proof of 
Theorem 4.1. To prove Theorem 4.2, we note for n > m 


4/3) 


('—1 

zL%iz,z) = - —z^~^{-l3 - n)miFi{-m; 13 + n-m + l,zz). 


m\ 


Since 


f—i 

d:zZjf}^{z,z) = - -(-/3 - n)m-i iFi{-m + I, (3 + n - m + 2; zz) 

’ [m — Ij! 


which prove dzZ!^)n{z, z) = —Z!^^_^{z, z) as noted in Theorem 4.2. Similarly, we can 
show for n > m that 


4/3) 


and 


v(/3) (y \ _ 


{z dz - z dz) Z^%{z, z) = {n-m)z!F^l{z,z). 

((/3 + 2)) - ^)) 




Thus, for n > m, 

Zi%{z, z) = {m + l)zi 5 *+i( 2 , z) 

as mentioned in Theorem 4.2. Using the recurrence relation 

(n + z) = zZ^%{z, z) + {m + l)zl^l^^^{z, z) 

where n > m, we have 

(n + „,(z, z) = zZ^%{z, z)+(^dz + ^-z^ Zi^^l{z, z) = (^dz + 0 Zi^^l{z, z), 
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which completes the proof of Theorem 4.2. For the proofs of Theorems 17.II - 17^ we note 
first dv{z,z) = 7-2/3-i-ig-r 

(*27r 

_i(m-t-(n-s))e jn I ^ ^ -n^l- S 


For f{z, z) = \z 


^ 0 ifm n/t ^ =27r6r, 

[ ZTT II m — n = t — s 


[ \z\‘^Z^U^,z)zi^J{z,z) 

ilR2 


z)r‘^P+^e-^^drd 0 = 


1 


TT 


c» /•27r 


0 Jo 


Z^^liz, z)zff (z, z) r2/3+3 e-^'drd0 


and hence 


[ \z\^Z(^^{z,z)Z‘^f,\z,zyf^+^e-^"drde = 

Jk 2 ’ n!s! 

roo 

Jo 

_ (-l)"'+^(-/? - m)ni-l3 - t)sT{m -n + /3 + 2) 

nisi 

X F 2 {m - n + P + 2, -n, -s; l-|-/3-|-m-n, l-|-/3-|-m-n;l,l) 5m-n,t-s 
where F 2 {a,b,b']c,c'‘,w,z) is the Appell hypergeometric function [22]. For fiz^'z) = z, 

Z^l(z,z)zl^J{z,z)r'^^+^e-^^drde = (“Z? “ "^)n (-/? - 


oo /■27r 



^m—n+t—s+2fi+2^i{{m—t) — {n—s)+l)8^—F 


0 JO 


X iTi(—n, /3 -|- m — n -|- 1; r^) iTi(— s, fd + t — s + 1-, r‘^)drd 6 . 


However 


and 

roo 


r27r 


= 27r5„_ 


'm—s 


/ ^m-n+t-.+2/3+2g-r ^ ^ ^ ^ ^ j. ^2) ^ ^ ^ ^ ^ ^2)^^ 

Jo 

= ^F(m — n -|- /3 -|- 2 )F 2 {m — n + (3 + 2 -, —n, —s; m — n -|- /3 -|- 1, m — n -1- /3 -|- 2; 1,1), 
which complete the proof of Theorem 17.21 For f(z,z) = T, 

[ z Z^l{z, z)Zff (z, zy^+^e-’-'drdd 
7r2 


1 /_ 1 '\nH-s roo r27r 

= -^-4 ^{-P-m)n{-fd-t)s / / 

vr n!s! Jq Jo 

X iFi(—n, fd + m — n + l;r‘^) iFi{—s, P + t — s + 1 ] r^)drd9. 


^m-n+t-s+2l3+2 ^i{{rn-t)-{n-s)-l)e 


However = 27r(5m-n-i,t-s, hence we have 

roo 

/ ^m-n+t-.+2/3+2g-r2^^^(_^. ^ ^ ^ + j. ^ 2 ) ^ ^ _ 5 + 1 - ^ 2 )^^ 

^0 

2^ Jo 
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By putting t — s = m — n — 1, we obtain 


1*00 

/ /3 + m — n + 1; r^) iFi(—s; /3 + t — s + 1; r^)dr 

Jo 

= -T{m — n + /3 + l)F 2 {m — n + /3 + 1; — n, —s; m — n + /3 + 1, m — n + /3; 1,1) 
Finally for /(z,z) = 0, 

/ G drd9 = - ^ (-^ - m)n (-/3 - t)* 

’ TT nis! 


oo /•27r 


/•oo /• 

io Vo 


n+i—s+2^+l^g2((m—t) —(n— 


X iFi{—n, /3 + m — n + 1; r^) iFi(—s, /3 + t — s + 1; r‘^)drd6. 

However, since = 27r‘^ if m — n = t — s, else = 0, we have 

9Z(.« (-g - ■")-(-0 - ■").. r(m - n +J) + 1) 

yJTl 71 + p + Ij^T, 


77! 


m.i 


where we used the integral 


roo rfr^T?’ 

e~^^iFi{—m] c; A x) iFi(—n; c; \x)dx = ,. , , 5r, 


(c > 0, A ^ 0, C ^ 0, 1, 2, . . . , (5,2772 — 0 If ^ 7“ ^7 dnm, — 1 If ^ — Ttlf 


References 

[1] Ito, K, Complex multiple IFiener integral, Japan J. Math.22 (1952), 63-86. 

[2] Ghanmi, A., A class of generalized complex Hermite polynomials, J. Math. Anal. Appl. 340 
(2008), 1395-1406. 

[3] Ismail, M.E.H., Zhang, R., Class of bivariate orthogonal polynomials, arXiv: 1502.07256. 

[4] All, S.T., Bagarello, F., Gazeau, J-P., Quantization from reproducing kernel spaces, Ann. 
Physics. 332 (2013), 127-142. 

[5] Gotfas,N., Gazeau, J-P., Gorska,K., Complex and real Hermite polynomials and related quanti¬ 
zations, J.Phys. A. 43 (2010), 305304. 

[6] Gazeau, J-P., Szafraniec, F.H., Holomorphic Hermite polynomials and non-commutative plane, 
J.Phys. A. 44 (2011), 495201. 

[7] Ali, S.T., Bagarello, F., Honnouvo, G., Modular structures on trace class operators and appli¬ 
cations to Landau levels, J.Phys.A: Math. Theor.,43, (2010), 105202. 

[8] Thirulogasanthar, K., Honnouvo, G., Krzyzak, A., Coherent states and Hermite polynomials on 
Quaternionic Hilbert spaces, J. Phys.A: Math. Theor. 43 (2010), 385205. 

[9] Thirulogasanthar, K., Twareque Ali, S., Regular subspaces of a quaternionic Hilbert space from 
quaternionic Hermite polynomials and associated coherent states, J. Math. Phys., 54 (2013), 
013506. 

[10] Muraleetharan, B., Thirulogasanthar, K., Coherent state quantixation of quaternions, arXiv: 
1406.0028. 

[11] Thirulogasanthar, K., Nasser Saad, Honnouvo,G., 2D-Zernike polynomials and coherent state 
quantization of the unit disc. Math. Phys. Anal. Geom. (To appear), arXiv: 1303.5483. 

[12] Gentili, G. and Struppa, D.G., A new theory of regular functions of a quaternionic variable, 
Adv. Math. 216 (2007), 279-301. 

[13] Gentili, G. and Stoppato, C., Power series and analyticity over the quaternions, Math. Ann. 
352 (2012), 113-131. 

[14] E. D. Rainville, Special Functions, Macmillan, New York, 1960. 

[15] Intissar, A, Intissar, A., Spectral properties of the Cauchy transform on I/^(C,e“^^' J- 

Math. Anal. Appl. 313 (2006), 400-418. 







2D POLYNOMIALS 


21 


[16] All, S.T., Antoine, J-P., Gazeau, J-P., Coherent States, Wavelets and Their Generalizations, 
Springer, New York, 2000. 

[17] Mouayn, Z., Coherent states attached to Landau levels on the Poincare disc, J. Phys. A: Math. 
Gen. 38 (2005), 9309-9316. 

[18] Mouayn, Z., A new class of coherent states with Meixner-Pollaczek polynomials for Gol’dman- 
Krivchenkov Hamiltonian, J. Phys. A. 43 (2010), 295201. 

[19] Mouayn, Z., Phase coherent states with circular Jacobi polynomials for the pseudoharmonic 
oscillator, J. Math. Phys. 53 (2012), 012103. 

[20] Ah, S.T., Gazeau, J-P., Heller, B., Coherent states and Bayesian duality, J. Phys. A: Math. 
Theor. 41 (2008), 365302. 

[21] Adler, S.L., Quaternionic quantum mechanics and Quantum fields, Oxford University Press, 
New York, 1995. 

[22] Yu.A. Brychkova Yu. A. and Nasser Saad, On some formulas for the Appell function 
F 2 {a,b,b'-,c,c'-,w,z), Integr. Transf. Spec. F. 25 (2014) 111 - 123. 

[23] Nasser Saad. On W. Gordon’s integral (1929) and related identities, Mathematica Aeterna 4 
(2014) 699 - 721. 

^ Department of mathematics and Statistics, University of Prince Edward Island, 550 
University avenue, Charlottetown, UPEI, CIA 4P3, Canada. 

^ Department of Computer Science and Software Engineering, Concordia University, 
1455 De Maisonneuve Blvd. West, Montreal, Quebec, H3G 1M8, Canada. 

E-mail address: nsaad@upei.ca, santhar@gmail.com 


